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Tables of the Functions 

i" sin'/3 x dx and (4/3) sin- 4!3 .. i" sin'!3 x dx 

Milton Abramowitz 

This a r t icle co ncerns itself wi t h t he tabulat ion of t hc 

fun ctions fa'" sin l/3 x dx ancl4/3 sin- 4/3 </> fa'" sin l/3 x dx, whi ch are 

im portant in t he t heory of condensat ion of vapor at rest on 
cylindri c s urfaces . The se ries expans ion for t he lat te r 
fun ction is given, and cer tain fun ctional relat ions useful for 
in terpolat ion a re mentioned . Inst r uctions for in te rpola tion 
wi th Lagrangia n interpolations are given for t he user . 

This ar t icle concerns itself with the tabulation of 
t h e functions 

1M,) = 1'" sin 1l3 xdx, </> = 0°(1 °)90°, (1) 

1 2(</» = (4/3)sin - 4/3 </>1'" 8in1/3 xd x , </> = 0°(30')180° , 

(2) 

which are important. in t h e theory of condensation 
of vapor a t rest on cylindric surfaces. 1 2 

The integral 1 1(</» may be expressed in terms of 
the Incomplete B eta function, nam ely 1 j (</» = 
!B >i ,in '" (t !). However, th e existing tables of th e 
Incomplete B eta fun ction are no t convenien t for 
interpolation. 

When </> = 1f'/2, we have 

1"/2 f (2/3)f (3/2) 
11(90°)= 0 sin1/ 3 xd x 

f (7j6) 

= l.2 93554 78 (t o 8 decimals). (3) 

Integra ting by p ar ts, one obtains for 12(</» the 
exp ression 

1M,)= sec </> [1 - 1 C~) tan2 </> + 1.3 (fo) C 36)tan4 </> 

- l. 3. 5 C 30) C 36) ( ; 2) tan6 </> + ... + Rn]. (4) 

It m ay be shown t hat if 11, ----7 OJ, the resulting 
infinite seJ'ies converges for </>~1f'/4 . When </> < 1f'/4 
the convergence follows from the ordinary ratio 
test and when </> = 7r/4 by application o[ Raabe's 
t est since 

lim n {I U "I/i Un+d- l }= 7/6 , wh(~re iUn l 
n-'" 

l.3.5 . .. (2n - 3)3n - 1 

10 .16 . . . (6n - 2) 

Furthermore, it is clear th a t IRn 1----70 as n ----7 OJ; since 

IRnl« 2n - 1)lUnl cos </> s in- 4/ 3 </> l .. /4 tan2n xdx 

. . !oj t2n 
= (2n - 1)IU n i cos </> sm - 4/3 </> -+ ? dt 

• 0 1 t-
(set ting tan x= t), and ther efore 

IRn l« 2n - 1)IU n l cos </> sin- 4/ 3 </>11 t2ndt 

<I U nl cos </> sin- 413 </>. 

Thus if 0 < </> ~ 1f'/4 , Rn ---70, since IU n l----7 0 ; es tablish
ing th e fact that (4 ) r epresents 12(</» for 0< </> ~ 7r/4 . 

The function 11(</» h as been tabulated only in the 
range from 0° to 90°, s ince the values for 90° ~ </> ~ 
180° may be obtained from the relation 

(5) 

The corresponding relation for I i </» is 

i 

wher e Rn is the rem ainder after 11, t erms and i gIven 
by 

(6) '1 

(_ l)n3n- 1[1. 3.5 . .. (211, - 1)1 
10 .16 .22 ... (611, - 2) 

. [cos </> sin- 4/3 </>11</> tan2n x sinl / 3 xdx. 

1 L . M . K . Boelter and otbers, H~at trallsfer notes (Ulliv. Cali fornia Press, 
Berkeley, Calif. , 1948). 

'M . Jakob. Heat trallsfer J (John Wiley & Sons, I nc., New York, N . Y ., 1949). 

The table of 11 (</» in the range from 0° to 20° was 
obtained with th e aid of th e eA"})ression for 12 (</» 
given in (4) and multiplication by the factor 
(3/4) sin 4/3</>. From 20 ° to 90° the valu es were obtained 
by numerical integration. The function 12 (</» in th e 
range from 20° to 90° was obtained from the pre
viously compu ted values of 11(</» and mul tiplication 
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by th e factor (4/3) sin- 4/ 3 cp. The values at intervals 
of 30' were obtained by interpolation. The relation 
(6) was then employed to extend the table to 1 0°. 
. The fol~owing- informati~n has be~n given so t~lat 
mterpolatlOn wIth tables of LagrangIan mterpolatlOn 
coefficients 3 will yield the full accuracy provided by 
th e table. 

In the case of I l(cp) in the range from 0° to 15° i t 
will be advisable to interpolate in the table of I2(cp) 
and multiply by (3/4) sin4/ 3 cp. From 15° to 90° the 
five-point Lagrangian interpolation formula will be 
adequate. In the case of 12 (cp), the three-point 
Lagrangian formula may be used from 0° to 15°, the 
four-point formula from 15° to 30°, the five-point 
formula from 30° to 135°, and the six-point formula 
from 135° to 165°. In the range from 165° to 180° 
the relation (6) given above should be u ed . 

</>0 ' ,(</» </>0 
I 

1,(</» 

0 0.0000 0000 '15 0.5300 100G 
I .0033 9543 46 .55 16 0397 
2 .0085 5577 47 .5672 8574 
3 .01469038 '18 .5830 5283 
4 .0215 5745 '19 .5989 0273 

5 .0290 2580 50 .6148 3300 
6 .0370 1067 51 .6308 4124 
7 .0454 5180 52 .6469 2507 
8 .0543 0371 53 .6630 82 18 
9 .0635 3059 54 .6793 J028 

10 .073 1 0330 55 .695601 13 
11 .0829 9758 56 .71 19 7050 
12 .0931 9282 57 .7283 9822 
13 . 1036 7125 58 . 744888 12 
14 .1144 1731 59 .7614 380S 

15 .1254 1726 60 .77S0 4600 
16 . 1366 5880 61 .7947 09S0 
17 . 14S1 30S8 62 .8 114 2743 
18 . 15982346 63 .8281 9686 
19 . 17172738 64 .8450 1607 

20 . 1838 3423 65 .8618 8308 
21 . 196J 3621 66 .8787 9590 
22 .20862613 67 . 957 5200 
23 .2212 9724 68 .91275122 
24 .2341 4327 69 .9297 8985 

25 .247 1 5831 70 .9468 6658 
26 .2003 3677 71 .9639 7950 
27 .2736 7341 72 .981 1 2614 
28 .2871 6324 73 .998., 0643 
29 .3008 0150 74 I. 0155 1670 

30 .3 1458368 75 1. 0327 5571 
~ l .328., 0547 76 1. 0500 2161 
32 .3425 6272 77 1. 0673 1258 
33 .3567 5149 78 1.0846 2619 
34 .3710 6796 79 1. 1019 6242 

35 .3855 08.6 80 1. 1193 1767 
~6 . 4000 6946 81 1.1366 9074 
37 . 4147 '1754 R?, 1. 1540 7981 
38 . 42% 3939 83 1. 1714 8312 
39 .4444 4181 84 1.1888 9886 

40 . 4594 5109 85 1. 2063 2525 
41 . 4745 6001 ~6 1. 2237 6052 
42 .4891 8183 87 1. 2412 0288 
43 .5050 9630 8R 1. 2586 5056 
44 .5205 06(\2 89 1. 2761 0178 

45 .5360 1006 90 1. 2935 5478 I 
.3 National Bureau of Stanclards, T ables of Lagran gian interpolation coe ffi

Cients (Columbia Unive rsity Press, Now York, N. Y., 1944) 

</> 0 , ,(</» 
---

000 1. 00000000 
30 1. 0000 1523 

1 00 1. 0000 0093 
30 J. 0001 3709 

200 1.0002 4373 
30 1. 0003 8087 

3 00 1. 0005 485 1 
30 1. 0001 4669 

4 00 1. 0009 7542 
30 1.00123473 

5 00 1. 0015 2466 
30 1.00184524 

6 00 1.0021 %51 
30 1. 0025 7851 

7 00 1. 0029 9130 
30 1. 0034 3491 

800 I. 0039 0942 
30 I. 0044 1487 

9 00 1. 0049 5134 
30 1.0055 1888 

10 00 1.0061 1157 
I 30 1.00674748 

11 00 1. 007'1 0810 
30 l. 0081 OJ30 

1200 J. 0088 2537 
30 1. 0095 8100 

1300 I. 0103 6829 
30 1.0111 8na 

14 00 1. 0120 3823 
30 1. 0129 2lJ O 

1500 1.01383605 

I 

30 1.014783J9 
16 00 1.0 1576265 

30 I. 0167 7454 
1100 1. 0 178 1899 

30 I. OJ88 9615 
1800 1.02000614 

30 1.021 1 4911 
19 00 I. 0223 252 1 

30 1.0235 3458 

2000 1.0247 7737 
30 1. 0260 5376 

2J 00 1. 0273 f1390 
30 I. 0287 0797 

2200 1.03008613 
30 1.03 14 9851 

2300 1. 0329 4546 
30 1. 0344 2100 

2'1 00 1.0359 4339 
30 1.03749481 

2500 1. 0390 8147 
30 1. 0'107 0359 

2600 I. 0'123 6137 
30 1. 04'10 5503 

27 00 I. 0457 8481 
30 1. 0475 5091 

2800 I. 0493 5359 
30 1.05J1 9309 

29 00 1.0530 696'1 
30 1. 0549 8350 

3000 1. 0569 3493 
30 1.058924 19 

31 00 1. 0009 5156 
30 1. 0630 J730 

3200 1.0651 2169 
30 1. 0672 6503 

3300 1.0694 4761 
30 1. 0716 6973 

34 00 1. 07393 169 
30 1. 0762 338 1 

3500 1. 0185 7641 
30 1. 0809 598 1 

3600 1. 0833 8435 
30 I. 0858 5036 

37 00 1.0883 5820 
30 I. 0909 082J 

3800 I. 09350076 
30 I. 096J 3623 

39 00 I. 0988 1497 
30 1. 1015 3739 

40 00 l. 104~ 0386 
30 1. 1071 1480 

'11 00 1.1099 7060 
30 1.11287168 

42 00 I. lJ 58 1848 
30 1. ]] 88 1141 

4300 1. 12J8 5092 
30 I. 1249 3746 

4400 1.1280 7150 
30 1.13125349 

4500 1,1344 8391 
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</>0 1, (</» </>0 M</» 
---

4500 1. 1344 8391 9000 l. 7247 397 
30 1. 1377 6325 30 1. 7361 633 

4600 1.1410 9202 91 00 1. 7483 654 
30 1. 1<144 7070 30 1. 7604 493 

47 00 1.1478 9982 9200 1. 7727 184 
30 1. J513 7990 30 1. 7851 763 

4800 1. 1549 1149 93 00 1. 7978 266 
30 1.15849511 30 1. 8106 731 

4900 :l.162J 3134 94 00 1. 8237 196 
30 1.1658 2075 30 1. 8369 700 

5000 1.1695 6390 9500 1. 8504 284 
30 1. 1733 6139 30 1. 8640 988 

51 00 1. 1772 1382 9600 1.8779 55 
30 1.1811 218 1 30 1.8920 928 

5200 l. 1850 8591 9700 1. 9064 2:;3 
30 1.1891 0696 30 1. 9209 875 

53 00 I. J931 8542 9800 1. 9357 84J 
30 I.J 973220 1 30 I. 9508 J99 

54 00 1.2OJ5 1740 9900 1. 966 1 000 
30 1. 2057 7230 30 1. 9816 294 

55 00 I. 2100 8739 100 00 1. 9974 133 
30 I. 2.144 ,1340 30 2.0 134572 

56 00 1. 2189 0106 101 00 2.0297 667 
30 1. 22340J l0 30 2.0463 473 

57 00 I. 2279 6430 10200 2.0632 050 
30 1. 2325 9143 30 2.0803 458 

5800 1. 2372 8327 163 00 2.0971 758 
30 I. 2420 4064 30 2.1155015 

5900 1. 2468 6434 J0400 2. 1335 294 
30 I. 2517 5523 30 2.1518 662 

60 00 1.256714 15 J0500 2.1705 190 

30 1.2517 41 98 30 2. J894 948 
61 00 I. 2668 3900 10500 2.2088 011 

30 1. 2720 0792 30 2.2284 453 
6200 1. 2772 4787 10700 2.2484 353 

30 I. 2825 6039 30 2.2687 793 
6.3 00 1. 2819 4644 10800 2.2894 853 

30 I. 2934 0701 30 2.3 105 621 

64 00 1. 2989 4308 10900 2.3320 184 

30 1. 3045 5570 30 2.3538 633 

6500 1. 3102 4589 110 00 2.3761 061 

30 1. 3100 14 73 30 2.3987 566 

66 00 I. 32 18 6330 J II 00 2.4218 248 
30 1.3277 9270 30 2.4453 208 

67 00 1. 3338 0407 112 00 2.4692 553 

30 1. 3398 9855 30 2.4936 394 

68 00 I. 3400 773'1 lJ3 00 2.5184 842 

30 I. 3523 4162 30 2.5438 0 16 

6900 I. 358(; 926'1 IJ4 00 2.5696 036 

30 1. 365 1 3163 30 2.5959 027 

10 00 I. 37 165988 11500 2.6227 118 
30 1. 3782 7869 30 2.6500 443 

71 00 I. 3849 8910 116 00 2.6719 139 
30 I. 39 17 9336 30 2.7063 350 

72 00 1. 39869197 11700 2.7353 223 
30 I. 4056 8665 30 2.7648 912 

73 00 I. 4127 7885 11800 2.7950 574 
30 I. 4199 7004 30 2.8258 373 

7'1 00 1.4272 6174 11900 2.8572 480 
30 1. 4346 5550 30 2. 893 070 

75 00 1. 4421 5289 120 00 2.9220 326 
30 1. 4497 5552 30 2.9554 436 

76 00 1. 4574 6505 121 00 2.9895 598 
30 1. 4652 8316 30 3.0244 013 

77 00 I. 4732 1 J57 12200 3.0599 894 
30 1. 4812 5204 30 3.0963 459 

7800 1. 4894 0636 J23 00 3.1334 936 
30 1. 4976 76.'l8 30 3.1n4 561 

7900 1. 5060 6397 12400 3. 2J02 580 
30 1. 5145 7106 30 3.2499 247 

80 00 1. 52.,1 9961 12500 3.2904 827 
30 I. 53 19.)162 30 3.3319 597 

8J 00 1. 54082915 126 00 3.3743.844 
30 I. 5498 3431 30 3.4177 866 

8200 1. 5589 6925 12700 3.4621 974 
30 I. 5682 36 15 30 3.5076 492 

83 00 1. 57763727 128 00 3.5541 758 
30 :l. 587J 7492 30 3.0018 123 

84 00 1. 5968 5144 12900 3.6505 954 
30 1. 6066 6925 30 3.7005 633 

8500 I. 6166 3082 13000 3.7517 561 
30 1. 6267 3867 30 3.8042 153 

86 00 1.6369 9538 131 00 3.8579 845 
30 l. 6414 0361 30 3.9131 093 

87 00 J. 6519 6606 13200 3.9696 371 
30 1. 6686 8551 30 4.0276 177 

8800 1. 6795 6480 13300 4. 0871 032 
30 1. 6906 0684 30 4.1481 481 

8900 I. 70 18 1463 134 00 4.2108 094 
30 1. 7131 9120 30 4.2751 469 

90 00 I. 7241 3971 135 00 4.3412233 



[2 (</» = (4/3)sin- 4/3 </> So</>S in l / 3 x dx- Continued 

</>0 h(</» </> 0 h(</» ",0 J,(</» 

13500 4.3412 233 150 00 7.6352 085 16500 19.8995 93 
30 4.4091 045 30 7.8159 323 30 20.8455 96 

13600 4.4788 593 15100 8.0040 878 16600 21. 8713 32 
30 4.5505 602 30 8.2001 124 30 22.9867 12 

13700 4.6242 835 15200 8.4044 774 167 00 24.2033 08 
30 4. 7001 092 30 8.6176 916 30 25.5347 16 

13800 4.7781 213 15300 8. 8403 047 168 00 26.0969 98 
30 4.8584 087 30 9.0729 114 30 28.6092 68 

13900 4.9410 644 15400 9.3161 562 16900 30.3944 31 
30 5.0261 870 30 9.5707 389 30 32.3801 58 

14000 5.1138 800 155 00 9.8374 197 170 00 34.6001 61 
30 5.2042 529 30 10.1170 27 30 37.0959 09 

141 00 5.2974 211 156 00 10. 4104 63 171 00 39.9189 44 
30 5.3935 067 30 10.7187 15 30 43.1340 72 

14200 5.4926 386 15700 11. 0428 63 17200 46.8238 26 
30 5.5949 535 30 11.3840 91 30 51. 0948 39 

14300 5.7005 957 15800 11. 7437 01 173 00 56.0871 25 
30 5.8097 184 30 12.1231 26 30 61. 9879 45 

14400 5.9224 841 15900 12.5239 48 174 00 69.0530 72 
30 6.0390 650 30 12.9479 17 30 77. 6404 89 

J 
\ 

14500 6.1596 443 160 00 13.3969 73 175 00 88.2657 37 
30 6.2844 165 30 13.8732 73 30 101. 6968 9 

14600 6.4135 888 161 00 14.3792 21 176 00 119. 1260 9 
30 6.5473 815 30 14.9175 04 30 142.4996 8 

14700 6.6860 298 162 00 15.4911 34 177 00 175.2051 7 
30 6.8297 844 30 16.1034 98 30 223.6536 1 

14800 6.9789 132 163 00 16.7584 16 178 00 301. 4551 5 
30 7.1337 025 30 17.4602 12 30 442.8076 0 

14900 7. 2944 586 164 00 18.2138 02 179 00 760.9850 1 
30 7. 4615 100 30 19.0247 90 30 1918.9846 

15000 7.6352 085 165 00 19.8995 93 18000 00 

WASHINGTON, November 1, 1950. 

J 
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